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Abstract
In this paper, we prove a general form of a ﬁxed point theorem with contractive-like mapping deﬁned by altering
function. We also present its application on study of existence and uniqueness of solution of fuzzy initial value prob-
lems in fuzzy partial metric spaces. In order to do this, we recall some ﬁxed point theorems in partial metric spaces
either crisp or fuzzy and use these theorems to prove ours.
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1 Introduction
Existence of ﬁxed point in partially ordered metric spaces has been considered by many authors. Recently, the
authors of [7] proved a general ﬁxed point theorem with contractive-like mapping in a general form in metric spaces.
The concept of fuzzy metric spaces has recently been introduced in different ways by many authors based on fuzzy
points and fuzzy distance, for instance, see [20, 22]. In [12], the authors have used Tarski’s theorem to show the
existence of solution for fuzzy equations. They also proved the existence theorems for fuzzy initial value problems
(FIVP) by using a special case of contractive-like mapping with a constant, k, instead of altering function, ϕ, [9].
In this paper, we combine the ideas of contraction mapping principles presented in [7] and [9] to get a new way for
surveying the solution of fuzzy initial value problem. In regards to the fuzzy periodic boundary value problem, the
authors of [13] have studied the solution of these kinds of problem for a ﬁrst order linear fuzzy differential equations
with impulses. Some other efforts have been recently done to ﬁnd the solution of fuzzy ﬁrst order differential equa-
tions, for example, the authors of [14] investigated the ﬁrst order linear fuzzy differential dynamical system by using
fuzzy matrices and more recently the authors of [4] studied ﬁrst order linear fuzzy differential equations by using the
generalized differentiability, and they presented the general form of the solution of mentioned problems.
In Section 2, fuzzy numbers and fuzzy sets are deﬁned and two partially ordered relations over these sets are given. In
Section 3, some ﬁxed point theorems in partially ordered sets are considered which provide the sufﬁcient conditions
of existence and uniqueness of ﬁxed points. In the last section, a general form of existence and uniqueness of ﬁxed
point of contractive-like mapping is proved and its application to fuzzy initial value problem is shown.
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2 Fuzzy Numbers and Fuzzy Sets
In this section, we recall some fundamental results of fuzzy numbers and fuzzy sets, ordering relations over fuzzy
sets and fuzzy distance.
Deﬁnition 2.1. [9] A set of fuzzy real numbers, denoted by E, is the family of elements x : R → [0;1] satisfying the
following properties:
1. x is normal: there exists t0 ∈ R with x(t0) = 1,
2. x is upper semi-continuous,
3. x is fuzzy convex,
x(λt1+(1−λ)t2) ≥ min{x(t1);x(t2)} , for all t1;t2 ∈ R;λ ∈ [0;1],
4. The support of x, is a bounded subset of R.
Deﬁnition 2.2. [9] If x ∈ E then the α−level set of x is denoted by [x]α and deﬁned by
[x]α = {t ∈ R : x(t) ≥ α};
where 0 < α ≤ 1. Also, [x]0 is called the support of x and it is given by [x]0 = ∪α∈(0;1][x]α: It is well known that for
each α ∈ (0;1], [x]α = [xαl;xαr] is a bounded closed interval of R:
The authors of [9] deﬁned the following partial ordering ” ≤ ” and ”≺” as follows:
x;y ∈ E;x ≤ y ⇔
{
xαl ≤ yαl
xαr ≤ yαr
; for all α ∈ (0;1]; (2.1)
and
x;y ∈ E;x ≺ y ⇔
{
xαl ≥ yαl
xαr ≤ yαr
; for all α ∈ (0;1]: (2.2)
In [18], it is proved that E is a complete metric space with the following distance
d∞(x;y) = sup
α
dH([x]α;[y]α); for all x;y ∈ E; (2.3)
where dH represents Hausdorff distance between nonempty compact convex subsets of R.
Consider the space
C(J;E) = {x : J → E : x is continuous};
where x is a fuzzy number and J is a compact interval in R. The following partial ordering relations are deﬁned in
C(J;E) induced by ≤ and ≺ [9]:
x;y ∈C(J;E);
x;y ∈C(J;E);
x ≤ y ⇔ x(t) ≤ y(t)
x ≺ y ⇔ x(t) ≺ y(t)
∀t ∈ J;
∀t ∈ J:
Considering the distance
D(x;y) = sup
t∈J
d∞(x(t);y(t));x;y ∈C(J;E); (2.4)
it is shown that C(J;E) is a complete metric space with D(x;y), and (C(J;E);≺), (C(J;E);≤) are two partially or-
dered spaces [18].
Deﬁnition 2.3. [7] An altering function is a function ϕ : [0;∞) → [0;∞) which satisﬁes the following:
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1. ϕ is continuous and non-decreasing,
2. ϕ(t) = 0 if and only if t = 0,
3. ϕ(t) ≤t; for all t > 0:
Let S denote the class of the function β : [0;∞) → [0;1) which satisﬁes the condition
lim
n→∞
β(tn) = 1 ⇒ lim
n→∞
tn = 0; for all {tn}
∞
n=1 ∈ [0;∞); (2.5)
where {tn} denotes a sequence in [0;∞).
3 Fixed Points Theorems
In the literature, we can ﬁnd results on existence and uniqueness of ﬁxed points for mappings deﬁned in partially
ordered sets. In this section, we will review the ﬁxed point theorems presented in [7, 9, 10, 12].
Deﬁnition 3.1. [7] Let (X;≤) be a partially ordered set and f : X → X. We say f is monotone non-decreasing if
x;y ∈ X; x ≤ y ⇒ f(x) ≤ f(y).
Theorem 3.1. [18] Let (X;≤) be a partially ordered set and suppose that there exists a metric d in X such that (X;d)
is a complete metric space. Let f : X → X be a monotone non-decreasing mapping such that there exists k ∈ [0;1)
with
d(f(x); f(y)) ≤ kd(x;y);∀x ≥ y:
Suppose that either f is continuous or X is such that
if a non-decreasing sequence {xn}n∈N → x ∈ X, then xn ≤ x;∀n: (3.6)
If there exists x0 ∈ X with x0 ≤ f(x0), then f has a ﬁxed point.
In the following theorem, it is proved that if we consider a non-increasing sequence in X instead of non-decreasing
sequence mentioned in condition (3.6), the result of theorem (3.1) is still valid.
Theorem 3.2. [10] Let (X;≤) be a partially ordered set and suppose that there exists a metric d in X such that (X;d)
is a complete metric space. Let f : X → X be a monotone non-decreasing mapping such that there exists k ∈ [0;1)
with
d(f(x); f(y)) ≤ kd(x;y);∀x ≥ y:
Suppose that either f is continuous or X is such that
if a non-increasing sequence {xn}n∈N → x ∈ X, then x ≤ xn;∀n: (3.7)
If there exists x0 ∈ X with x0 ≥ f(x0), then f has a ﬁxed point.
In both above mentioned theorems, the uniqueness will result if the following additional condition satisﬁes: Every
pair of elements of X has a lower or an upper bound, or equivalently
for every x;y ∈ X; there exist z ∈ X which is comparable to x and y: (3.8)
For non-increasing functions, some positive results were presented in [11].
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Theorem 3.3. [11] Let (X;≤) be a partially ordered set satisfying condition (3.7) and suppose that there exists a
metric d in X such that (X;d) is a complete metric space. Let f : X → X be a monotone non-increasing mapping such
that there exists k ∈ [0;1) with
d(f(x); f(y)) ≤ kd(x;y);∀x ≥ y:
Suppose that either f is continuous or X is such that:
if xnn∈N → x is a sequence in X whose consecutive terms are comparable, then there exists a subsequence
{
xnk
}
k∈N
of {xn}n∈N such that every term is comparable to the limit x:
If there exists x0 ∈ X with x0 ≥ f(x0) or x0 ≤ f(x0), then f has a ﬁxed point.
For the fuzzy set E; which was deﬁned in Section 2, considering the following metric:
d∞(x;y) = sup
α
dH([x]α;[y]α);∀x;y ∈ E; (3.9)
then we have the following theorems as ﬁxed point results.
Theorem 3.4. [12] Let f : E → E be a monotone non-decreasing (or non-increasing and continuous) mapping.
Suppose that there exists K ∈ [0;1) such that
d∞(f(x); f(y)) ≤ Kd∞(x;y);∀x ≥ y;
and there exists x0 ∈ E with x0 ≤ f(x0) (or x0 ≥ f(x0)). Then there exists exactly one solution for equation f(x) = x.
The authors of [9] have generalized theorem (3.4) forC(J;E), as follows;
Theorem 3.5. [9] Let f : C(J;E) → C(J;E) be a monotone non-decreasing (or non-increasing and continuous)
mapping. Suppose that there exists K ∈ [0;1) such that
D(f(φ); f(ϕ)) ≤ Kd∞(φ;ϕ); for all φ ≥ ϕ;
and there exists ϕ0 ∈ C(J;E) with ϕ0 ≤ f(ϕ0) (or ϕ0 ≥ f(ϕ0)). Then there exists exactly one solution for equation
f(ϕ) = ϕ:
In [4] the following generalization of Banach’s contraction principle appears.
Theorem 3.6. [4] Let (X;d) be a complete metric space. Let f : X → X be a mapping satisfying
d(f(x); f(y)) ≤ β (d(x;y))d(x;y);x;y ∈ X; (3.10)
where β ∈ S. Then f has a unique ﬁxed point z ∈ X and {fn(x)} converges to z for each x ∈ X.
In theorem (3.6), β and S are as introduced in Section 2. Recently, the authors of [3] proved a special version of
theorem (3.6) for partially ordered complete metric spaces.They proved the following result:
Theorem 3.7. [3] Let (X;≤) be a partially ordered set and suppose that there exists a metric d in X such that (X;d)
is complete metric space. Let f : X → X be a non-decreasing mapping such that
d(f(x); f(y)) ≤ β (d(x;y))d(x;y); for all x;y ∈ X with x ≤ y;
where β ∈ S. Assume that either f is continuous or X is such that
if a non−decreasing sequence {xn}n∈N → x ∈ X; then xn ≤ x; ∀n:
Besides, suppose that for each x;y ∈ X there exists z ∈ X which is comparable to x and y. If there exists x0 ∈ X with
x0 ≤ f(x0), then f has a unique ﬁxed point.
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By using theorem (3.7), we conclude for a kind of weak contractive mapping deﬁned by (3.10), the existence and
uniqueness of ﬁxed point come from validity of (3.6) and (3.8), respectively. Then, the authors in [7], have proved
a ﬁxed point theorem considering a general form of contraction mappings which are deﬁned with altering functions.
The theorem is as follows:
Theorem 3.8. [7] Let (X;≤) be a partially ordered set and suppose that there exists a metric d in X such that (X;d)
is complete metric space. Let f : X → X be a continuous and non-decreasing mapping such that
ϕ(d(f(x); f(y))) ≤ β (d(x;y))ϕ(d(x;y)); for all x;y ∈ X;with x ≥ y; (3.11)
where ϕ is an altering function and β ∈ S: If there exists x0 ∈ X with x0 ≤ f(x0), then f has a ﬁxed point.
In addition they proved that theorem (3.8) is still valid for f not necessarily continuous, actually they proved
that the existence of ﬁxed point will result if the condition (3.6) satisﬁes as well. With this assumption, we have the
following theorem in [7]:
Theorem 3.9. [7] Let (X;≤) be a partially ordered set and suppose that there exists a metric d in X such that (X;d)
is complete metric space. Assume that X satisﬁes condition (3.6). Let f : X → X be a non-decreasing mapping such
that
ϕ(d(f(x); f(y))) ≤ β (d(x;y))ϕ(d(x;y)); for all x;y ∈ X;with x ≥ y;
where ϕ is an altering function and β ∈ S: If there exists x0 ∈ X with x0 ≤ f(x0), then f has a ﬁxed point.
By adding condition (3.8) to the hypothesis of theorem (3.9), we can prove the uniqueness of ﬁxed point of f.
Considering ϕ as the identity mapping, we obtain the theorem (3.7) as a main result.
In the next section we prove existence and uniqueness of ﬁxed point of contraction mapping, deﬁned by altering
function, in fuzzy metric spaces and show its application on the study of existence of solution of fuzzy initial value
problems.
4 Fuzzy Initial Value Problems
In this section, we study the existence of solution for fuzzy initial value problem.
Consider the following ﬁrst order periodic problem (non-fuzzy) as:
{
u′(t) = f(t;u(t));t ∈ [0;T];
u(0) = u(T): (4.12)
where T > 0 , I ⊆ R and f : I ×R → R is a continuous function. We consider C(I;R), the space of continuous
functions deﬁned on I ⊆ R, which is a complete metric space with following distance:
d(x;y) = sup
t
{|x(t)−y(t)| :t ∈ I} for x;y ∈C(I;R);
we can equipped C(I;R) with a partial order given by
x;y ∈C(I;R)x ≤ y ⇔ x(t) ≤ y(t); for t ∈ I:
Then (C(I;R);≤) satisﬁes condition (3.8), and it is proved in [10] that (C(I;R);≤) also satisﬁes condition (3.6). We
recall the deﬁnition of altering function.
Deﬁnition 4.1. [7] An altering function is a function ϕ : [0;∞) → [0;∞) which satisﬁes the following:
1. ϕ is continuous and non-decreasing,
2. ϕ(x) = 0 if and only if x = 0;
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3. ϕ(x) ≤ x; for all x > 0.
Through this section, we suppose that
β(x) =
φ(x)
x
:
Clearly β ∈ S. Let us denote the set of family of altering function by ℜ.
Deﬁnition 4.2. [7] A lower solution for (4.12) is a function α ∈C(I;R) such that
α′(t) ≤ f(t;α(t)); for t ∈ I;
α(0) ≤ α(T):
The following theorem is proved in [7] and shows that the solution of problem (4.12) exists if the problem (4.12)
has a lower solution.
Theorem 4.1. [7] Consider problem (4.12) with f : I×R → R continuous and suppose there exist α;λ > 0 with
α ≤
(
2λ(eλt −1)
T(eλt +1)
)1
2
;
such that for x;y ∈ R with x ≤ y
0 ≤ f(t;y)+λy−[f(t;x)+λx] ≤ α
√
(y−x)ϕ(y−x);
where ϕ belongs to ℜ: Then the existence of a lower solution for (4.12) provides the existence of a unique solution for
(4.12).
Consider the fuzzy problem {
u′(t) = f(t;u(t)); t ∈ [0;T]; T > 1;
u(0) = u0: (4.13)
where J ⊆ R, E is a set of fuzzy numbers, u0 ∈ E, and f : J ×E → E is a continuous function. Several authors
have considered this initial value problem in the literature. If f is a Lipschitz continuous mapping, then (4.13) has a
unique solution [9]. The authors of [13] considered the periodic boundary value problem for a ﬁrst order linear fuzzy
differential equation with impulses and they proved the existence and uniqueness of solution of this kind of problem
by using an extension to the fuzzy case. Their results prove that the solution of the fuzzy differential equation is
determined under the appropriate conditions.
In previous section, we consider f which is just continuous, and present what additional conditions are requested to
have a unique solution as a consequent.
Deﬁnition 4.3. [9] A solution of (4.13) is a function u ∈C(J;E) satisfying (4.13).
Deﬁnition 4.4. [9] A lower solution for (4.13) is a function µ ∈C(J;E) such that
µ′(t) ≤ f(t;µ(t)); fort ∈ J;
µ(0) ≤ u0:
An upper solution for (4.13) satisﬁes the reversed inequalities.
Recently the authors of [9] proved the existence of lower solution of (4.13) will result in the existence of solution
of (4.13) with a especial case of contraction mapping. More precisely, they proved theorem (4.2) as follows:
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Theorem 4.2. [9] Suppose that there exists µ ∈ C(J;E) a lower solution for problem (4.13) . Let f : J ×E → E
continuous be such that f is non-decreasing in the second variable, i.e.
f(t;x) ≥ f(t;y); if t ∈ J and x ≥ y;
and there exists k ≥ 0 such that
d∞(f(t;x); f(t;y)) ≤ kd∞(x;y); x ≥ y:
Then problem (4.13) has a unique solution.
By replacing the existence of lower solution with upper solution, the conclusion of theorem (4.2) is still valid.
Now we consider a general case of theorem (4.2), in other words, we consider a general form of contractive-like
mapping deﬁned with altering functions, and obtain the existence and uniqueness of the solution of problem (4.13),
which is the main purpose of this paper.
Theorem 4.3. Consider the problem (4.13).Suppose that there exists a metric, d, such that (C(J;E);d) is a complete
metric space. Let f : J×E → E be a continuous and non-decreasing in the second variable, i.e.
f(t;x) ≥ f(t;y); if t ∈ J and x ≥ y;
and if
ϕ(d(f(x); f(y))) ≤ β (d(x;y))ϕ(d(x;y)); for all x ≥ y;
where ϕ is an altering function and β ∈ S: Then the problem (4.13) has a unique solution.
Proof. We rewrite the problem (4.13) as follows:
{
u′(t) = f(t;u(t));t ∈ [0;T]; T > 1;
u(0) = u0:
We deﬁne the operator A :C(J;E) →C(J;E) such that
[Au](t) = u0+
∫ t
0
f(s;u(s))ds; t ∈ J;
if there exists u ∈ C(J;E) as a ﬁxed point of A, then u ∈ C(J;E) is a solution of problem (4.13) and conversely. In
order to prove the theorem, we shall show the hypotheses of Theorem (3.8) are satisﬁed. First we show that A is a
non-decreasing and continuous operator. The continuity is trivial, and for all u ≥ v,
[Au](t) = u0+
∫ t
0
f(s;u(s))ds ≥ u0+
∫ t
0
f(s;v(s))ds = [Av](t); t ∈ J;
then
[Au](t) ≥ [Av](t); for all u ≥ v;
which means the operator A is non-decreasing.
We consider the following metric inC(J;E) as
Dα(u;v) = sup
t∈J
{d(u(t);v(t))α(t)}; u;v ∈C(J;E); (4.14)
where α(t) > 0: and
α(t) ≤
β(u(t);v(t))
T
; t ∈ [0;T]; T > 1; (4.15)
According to the condition (2.5), we already know that the maximum value of β function is 1 and T > 1. So α(t)
diminishes for large enough t ∈ T, the above metric will be equivalent to the following metric inC(J;E) [18]:
Dρ(u;v) = sup
t∈J
{
d(u(t);v(t))e−ρt}
;u;v ∈C(J;E);
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and is equivalent to metric D which is deﬁned by (2.4). In [16], it is proved that (C(J;E);D) is a complete metric
space, as a sequence (C(J;E);Dα) is a complete metric space.
Now we show that other hypotheses of Theorem (3.8) are also valid, which means we have to show that condition
(3.11) is satisﬁed. For all u ≥ v,
ϕ(Dα(Au;Av) = ϕ(sup
t
{d∞((Au)(t);(Av)(t))α(t)});
= ϕ(sup
t
{
d∞
{
u0+
∫ t
0
f(s;u(s))ds;u0+
∫ t
0
f(s;v(s))ds
}
α(t)
}
);
≤ ϕ(sup
t
{{∫ t
0
d∞(f(s;u(s)); f(s;v(s))ds
}
α(t)
}
); t ∈ [0;T]; T > 1;
≤ ϕ((t −0)α(t) sup
t
{∫ t
0
d∞(u(s);v(s))ds α(t)
}
;
≤ Tα(t) sup
t
{∫ t
0
d∞(u(s);v(s))ds α(t)
}
:
Equations (4.15),(2.5) and deﬁnition (3.1) imply
≤ β(d∞(u(t);v(t)) sup
t
{∫ t
0
d∞(u(s);v(s))ds α(t)
}
;
≤ β(d∞(u(t);v(t)) sup
t
{∫ t
0
d∞(u(s);v(s))ds
β(d∞(u(t);v(t))
T
}
;
≤ β(d∞(u(t);v(t)) sup
t
{∫ t
0
d∞(u(s);v(s))ds:
1
T
(
ϕ(d∞(u(t);v(t))
d∞(u(t);v(t))
)}
;
≤ β(d∞(u(t);v(t)):ϕ(d∞(u(t);v(t))
sup
∫ t
0 d∞(u(s);v(s))ds
Td∞(u(t);v(t))
:
It is enough to show that
sup
∫ t
0 d∞(u(s);v(s))ds
T:d∞(u(t);v(t))
≤ 1;
then condition (3.11) will satisfy as
ϕ(d(f(x); f(y))) ≤ β(d(x;y))ϕ(d(x;y)):
Since T > 1 and based on the properties of distance function, which is an increasing and positive function, it is clearly
satisﬁed.
In consequence of theorem (3.8), A has a ﬁxed point in C(J;E). The uniqueness of this ﬁxed point comes from the
validity of (3.8) in C(J;E).
Remark 4.1. By substituting the existence of lower solution of (4.13) with the existence of upper solution of (4.13),
the conclusion of theorem (4.3) is still valid.
Finally, we show that theorem (4.2) is an especial case of theorem (4.3). Consider the spaceC(J;E) which is equipped
by d∞ deﬁned by equation (3.9). Suppose
β(u(t);v(t)) : [0;∞)×[0;∞) → [0;1);
as the constant function with
β(u(t);v(t)) = k; for all u;v ∈C(J;E); and k ∈ [0;1);
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and consider ϕ as the identity function. Then the following condition
ϕ(d(f(x); f(y))) ≤ β(d(x;y)):ϕ(d(x;y));
will be as
d∞(f(t;x); f(t;y)) ≤ kd∞(x;y);
which means theorem (4.2) is an especial case of theorem (4.3) .
Now we illustrate the application of theorem (4.3) with two examples.
Example 4.1. [21] Consider the following fuzzy initial value problem,
{
x′(t) = −x(t);t ∈ [0;T]; T > 1;
x(0) = x0 ∈ E: (4.16)
In [21], it is shown that the problem (4.16) has a unique solution on all R+, which is given by the α-level intervals
[xαl(t);xαr(t)]; 0 < α < 1;
where
xαl(t) =
x0
αl −x0
αr
2
et +
x0
αl +x0
αr
2
e−t;
xαr(t) =
x0
αr −x0
αl
2
et +
x0
αl +x0
αr
2
e−t:
Concerning this problem, we want to show that the assertions of theorem (4.3) are satisﬁed. First we consider
C(R+;E) with the following metric:
Dρ(u;v) = sup
t∈J
{
d(u(t);v(t)) e−ρt}
; u;v ∈C(R+;E); (4.17)
which is a complete metric space for large enough quantity of ρ, [9, 16].
Consider f : R+×E → E with f(t;x) = −x is a continuous and non-increasing in the second variable, i.e.
f(t;x) = −x ≥ −y = f(t;y); if t ∈ J and y ≥ x:
We deﬁne ϕ : [0;∞) → [0;∞) with
ϕ(t) =
1
2
t; for all t ∈ [0;∞]; (4.18)
which satisﬁes the conditions of deﬁnition (4.1), then ϕ(t) is an altering function, and
β(t) =
ϕ(t)
t
=
1
2
; t ∈ [0;∞): (4.19)
By using (4.17), it is clear that α(t) satisﬁes (4.15) with
α(t) = e−ρt <
1
2
and α(t) =
β(u(t);v(t))
T
; T > 1;
by using (4.18) and (4.19), it is easy to check that the contraction condition
ϕ(d(f(x); f(y))) ≤ β (d(x;y))ϕ(d(x;y)); for all x ≥ y;
is also satisﬁed. All the assumptions of theorem (4.3) are veriﬁed and we conclude the existence of solution of problem
(4.16). The uniqueness comes from the validity of condition (3.8).
Example 4.2. Consider the following fuzzy initial value problem,
{
x′(t) = −x(t)+t; t ∈ [0;T]; T > 1;
x(0) = x0 ∈ E: (4.20)
with the same metric, deﬁned in example(4.1) and same conclusion we can easily see that all the assumptions of
theorem (4.3) are veriﬁed and we can conclude the existence and uniqueness of solution of problem (4.20) by means
of theorem (4.3), though the unique solution for problem (4.20) and for x(0) = (1;2;3) is given by:
x(t) =t −1+(2e−t;3e−t;4e−t):
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5 Conclusion
In this paper, we proved a ﬁxed point theorem based on a general form of contractive-like mapping, and showed
the existence and uniqueness of the fuzzy initial value by means of this ﬁxed point theorem with the mentioned
conditions. We also represented the application of this theorem with the help of two examples.
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